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Abstract 
In the safe mode design stage of aero-engine, the whole engine safety can be improved by enhancing the safety of 
engine life-limited parts (ELLP). As one of ELLP, turbine disk works in thermal environments characterized by 
complexity and transient. This paper presents the analytical solutions of the transient temperature, thermally induced 
stress and equivalent stress distributions in a hollow disk rotating at 4000 r/min and subjected to thermal boundary 
conditions. The outer surface is kept at a constant temperature, and the windward side is exposed to a forced 
convention to the cooling air. The inner surface is insulated until t = t_Qi after which the inner surface is uniformly 
heated by extra thermal loading Qi. The theoretical derivation of the governing energy equation with 
nonhomogeneous boundary is obtained by using the eigenfunction method for space variables and the method of 
Laplace transforms for the time variable. The transient calculations are performed individually for various start times 
of the thermal loading imposed on the inner surface, t_Qi = 0, 40, 100 and 120 s, as well as various values of the 
thermal loading, Qi = 60, 100 and 140 W, until the system attains thermal equilibrium state. From the perspective of 
the safety design, the influences of the start time and the value of the thermal loading Qi on the safety margin of a 
disk are evaluated respectively. The results clearly demonstrate that the reverse temperature difference at the disk hub 
rises, the value of maximum equivalent stress decreases and the shifting time of the position of maximum equivalent 
stress delays with advance of the start time t_Qi as well as increasing of the thermal loading on the inner surface Qi. 
Thus, the safety margin of a turbine disk can be enhanced by using the thermal loading imposed on the inner surface. 
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1. Introduction 
In the study fields of both civil and military aviation, the safety analysis is one of the most significant 
parts in aircraft engine airworthiness which guarantees the safety of aircraft flight. The investigation of the 
safety margin is a core issue of the safety analysis, which needs to be considered seriously in the design 
process for meeting airworthiness requirements. That is to say, an aero-engine must be operated within the 
safety boundaries, otherwise its failure probability will increase. The fact that the failures of aero-engine 
often occur during a transient process [1] indicates that the operating boundary may exceed the safety 
boundary before the system attains steady state, which results in the degradation of an aero-engine. 
Consequently, in the safe mode design stage of aero-engine, the whole engine safety can be improved by 
enhancing the safety of engine life-limited parts (ELLP) [2].  
As one of ELLP, turbine disk works in thermal environments which are characterized by complexity 
and transient [3]. Ding, Zhang, Li and Zhou [4] performed the transient thermal analysis of a hollow 
rotating disk subjected to various heating times on the outer surface of the disk. They pointed out that 
there was a stress peak in a sequential unsteady heat conduction process following the sudden increasing 
of the heat flux. Kim, Lee and Ro [5] investigated the transient thermal stress in the steam drum during 
the start-up process of the heat recovery steam generator. It is illustrated that the stress peak could be 
effectively decrease by bypassing part of the gas flow in case of the steady gas turbine exhaust condition. 
It is noteworthy that the stress peak in a disk does exist in a transient process in case of the steady thermal 
conditions, which may be much larger than the value in the steady state and even exceed the safety 
boundary of the turbine disk. 
The safety margin of a turbine disk can be improved by controlling the stress distribution based on the 
relationship between thermal stress and temperature of a disk. Yapici, Basturk, Genc and Ozisik [6-9] 
studied the transient temperature and thermally induced stress distributions in a rotating disk subjected to 
a thermal process of manufacturing, such as heating from moving resources. Moreover, in order to reduce 
the thermally induced stress in a solid disk heated by the moving ring heat flux, the calculations were 
conducted numerically to study the influence of the coolant following the moving resource [10]. Scoltani 
Hematiyan and Jafarpur [11] treated the thermal stress as a positive factor instead of non-desired one in 
engineering applications. They presented that the thermal stress could be utilized to decline the elastic 
stresses by applying the extra thermal loading on parts of the boundary of the body. Note that Ding, Li 
and Luo  [12] proposed an active control thermal-loading method to ameliorate stress in a disk in a steady 
state. From the energy management’s point of view, the hub of the disk is actively heated by the thermal 
energy transferred from the rim of a disk to achieve V-shaped form of temperature distribution. They 
pointed out that the pulling effect from an active produced reverse temperature gradient at the hub of a 
disk enables the stress level of the disk to be declined. However, the discussion on the variation of 
temperature and stress in a transient process is not involved. 
So far, the evolution mechanisms of temperature and thermally induced stress in a disk subjected to 
complex thermal environments are still indeterminate. Moreover, the influence of complex thermal 
boundary conditions on the safety margin of a disk is lack of evaluation. Therefore, in this paper, a 
simplified disk model is proposed that the inner and outer surfaces are heated respectively and the 
windward side is exposed to a forced convention to the cooling air. The theoretical derivation of the 
governing energy equation with nonhomogeneous boundary and initial conditions is obtained by using the 
method of separation of variable (in other words, the eigenfunction method) for space variables and the 
method of Laplace transforms for the time variable. And then the transient characteristics of the 
temperature and thermally induced stress are paid mainly attention to. Moreover, from the perspective of 
safety design, the influence of the thermal loading, which is imposed on the inner surface of a disk, on the 
safety margin of the disk is evaluated in the transient process. 
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Nomenclature 
 
CP specific heat  
E modulus of  elasticity 
h heat transfer coefficient 
J Bessel function of the first kind 
k  thermal conductivity 
N Bessel function of the second kind 
q heat flux per unit area 
Q heat transfer rate 
r, z cylindrical coordinate components 
T temperature 
t time 
t_Qi start time of thermal loading on the inner surface of a disk 
 
Greek symbols 
α thermal expansion coefficient 
δ thickness of a disk 
η safety design envaluation 
θ temperature difference between disk temperature and disk initial temperature 
ν Poisson’s ratio 
ρ density 
σ stress 
ω rotational speed 
 
Subscripts 
air cooling air 
CM conventional model 
d diffusion 
eq equivalent 
e outer surface 
i inner surface 
612   Shuiting Ding and Ye Li /  Procedia Engineering  80 ( 2014 )  609 – 627 
2. Analytical Solutions of Temperature and Thermally Induced Stress in a Rotating Hollow Disk 
In this section, analytical solutions of the transient temperature and thermally induced stress 
distributions in a rotating hollow disk, subjected to complicated thermal boundary conditions, are 
determined by using the method of separation of variable (in other words, the eigenfunction method) for 
space variables and the method of Laplace transforms for the time variable. From the perspective of the 
safety design, an evaluation is proposed to investigate the influence of complicated thermal boundary 
conditions on the safety margin of a turbine disk. 
For this purpose, a hollow disk rotating at 4000 r/min with a cooling cavity is considered, as shown in 
Fig. 1. The hollow disk of thickness δ, inner and outer radius ri and re, respectively, is initially subjected 
to a uniform temperature T0. The outer surface r = re is kept at a constant temperature Te, and the 
windward side is exposed to a forced convention of the local heat transfer coefficient h(r) to the inlet 
cooling air at Tair. The inner surface r = ri is insulated until t = t_Qi after which the inner surface is 
uniformly heated by extra thermal loading Qi. 
Note that heating the inner surface of a rotating disk may ameliorate stress distribution in steady state 
[12]. It is interesting to investigate the influence of the designed thermal loading imposed on the inner 
surface of a disk, Qi, on the temperature and stress distributions in the transient process. For the disk in 
this analysis, the temperature distribution and stress components are functions of radius and time based on 
two hypotheses of plane stress state and axial symmetry condition [14]. And then the calculations are 
performed individually for various start times of the thermal loading on the inner surface, t_Qi = 0, 40, 
100 and 120 s, as well as various values of the thermal loading, Qi = 60, 100 and 140 W. And the results 
are compared with that obtained from the conventional model (Qi = 0W) with insulated inner surface to 
indicate the influence on the safety margin of the disk. 
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Fig. 1. Two-dimensional axisymmetric model of a rotating-disk cavity system prior to and after employing the 
thermal loading Qi on the inner surface of a disk 
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2.1. Transient temperature analysis 
On the purpose of simplifying the solution of the equations, the average heat transfer coefficient, h , is 
substituted for the local heat transfer coefficient, h(r, t) [12]. It is believed that this substitution is 
sufficient for its application to many heat problems in aero-engine disk. Moreover, the variation of the 
thermal loadings on the boundaries of a disk would not change the value of the heat transfer coefficient 
which only depends upon both inlet Reynolds number and rotational Reynolds number in a rotating 
cavity [13]. And the heat transfer in an interface between cooling air and a disk is considered as 
volumetric heat release distributed along the disk. 
Considering an annular element around the center of the disk, writing the transient heat conduction 
equation and taking Θ(r, t) = T(r, t) - Tair, gives 
while 0 ≤ t ≤ t_Qi, 
i
2
d
e e air
0 air
1 1 ,
( , ): 0, 
 
( , ) ,
: ( ,0) ,
r r
r m
r r r k t
r tBoundaryConditions k
r
r t T T
Initial Condition r T T
 
­ w w4 w4§ ·   4¨ ¸° w w w© ¹°° w4°   ® w°° 4  ° 4  °¯
                                                                                            
(1) 
and while t ≥ t_Qi, 
i
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i
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1 1 ,
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r r
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r r r k t
r tBoundaryConditions k q
r
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(2) 
where 
/2
hm OG 
, 
d
p
kk
CU 
 is thermal diffusion coefficient, i
i
i2
Qq
rS G 
 is the heat flux on the hub of 
a disk and 
i
( )t QT r  is the temperature distribution at t = t_Qi. 
Since the differential equations, thermal boundary conditions and initial conditions of the above two 
problems are nonhomogeneous, according to the principle of linear superposition [14], the solutions of 
problem (1) and (2) are divided into three problems, respectively. 
1 1 1 i( , ) ( , ) ( , ) ( , ), (0 )r t v r t u r t w r t t t Q4    d d                                                                                     (3) 
2 2 2 i( , ) ( , ) ( , ) ( , ), ( )r t v r t u r t w r t t t Q4    t                                                                                         (4) 
where functions v1(r, t) and v2(r, t) satisfy the nonhomogeneous boundary conditions of problem (1) 
and (2), respectively, which are given by v1(r, t) = A(t)r + B(t)  and v2(r, t) = AA(t)r + BB(t). Substitutions 
of v1(r, t) and v2(r, t) into boundary conditions of problem (1) and (2), respectively, yield 
e air
0kA
Ab B T T
  ­®   ¯
 and 
e air
,i
kAA q
AAb BB T T
  ­®   ¯
 
then A, B, AA and BB are solved as 
i ei
e air e air0, ; , .
q rqA B T T AA BB T T
k k
         
And then the problems of u1(r, t), w1(r, t), u2(r, t) and w2(r, t) are expressed respectively as follows: 
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while 0 ≤ t ≤ t_Qi, 
i
2
21 1 1
12
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1 e
1 0 e
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. . : 0, ( , ) 0,
. . : ( ,0) ,
r r
u u um u
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(6) 
and while t ≥ t_Qi, 
i
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22 2 2
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(7) 
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(8) 
where w1 and w2 are the particular solutions of the problem involving the nonhomogeneous equation, 
and u1 and u2 are the solutions of the associated homogeneous equation. 
x Referring to problem (5), 
the solution is determined by the separation of variables method as 
( , ) ( ) ( ),u r t R r T t      
                                                                                                                               
(9) 
where R  and T  are functions of radius and time, r and t, respectively. Then the partial differential 
equation of problem (5) reduces to two ordinary differential equations for r and t alone, and the 
homogeneous boundary conditions are also separated. 
i
2
2
e
1 0
0, ( ) 0
r r
d R dR R
dr r dr
dR R r
dr
P
 
­    °°®°   °¯
                                                                                                                          
(10) 
2
d ( ) 0
dT k m T
dt
P                                                                                                                                  (11) 
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The problem (10) is type of Sturm-Liouville Systems [15], where the eigenvalues μ are positive real 
roots of the equation 
1 i 0 e 0 e 1 i( ) ( ) ( ) ( ) 0,J r N r J r N rP P P P                                                                                              (12) 
where J0 and N0 are the zero order Bessel function of the first and second kind, respectively, and the 
first derivative of J0 and N0 is equal to J1 and N1, respectively. 
There exists only one linearly independent eigenfunction, Rn, corresponding to the eigenvalue μn, 
which is given by 
n 0 n e 0 n 0 n e 0 n( ) ( ) ( ) ( ) ( ), (n 1,2,3, ).R r N r J r J r N rP P P P   "                                                       (13) 
In addition, integration of equation (11) yields 
2
d n( )
n n( ) , (n 1,2,3, ).
k m tT t E e P c   "                                                                                                       (14) 
Substituting equations (13) and (14) into equation (9) gives 
2
d n( )
1 n n
n 1
( , ) ( ),k m tu r t E e R rP
f  
 
 ¦                                                                                                               (15) 
where En (n = 1,2,3,…) are constant coefficients. 
Applying equation (15) to the initial condition of problem (5) yields 
n n 0 e
n 1
( ) .E R r T T
f
 
 ¦  
This holds true if the right side can be represented by a uniformly convergent series with coefficients 
   e
e i
i
2
0 e 1 n i
n 0 e n 2 22
1 n i 0 n en
( )1 ( ) , (n 1,2,3, )
( ) ( )( )
r
r r
r
T T J r
E T T R r rdr
J r J rR r rdr
S P
P P
       ³³
   
                           
(16) 
 
x Referring to problem (6), 
which involves a time-independent nonhomogeneous partial differential equation, the solution is 
determined by means of the eigenfunction method. Considering the homogeneous equation corresponding 
to problem (6) gives 
2
21 1 1
12
d
1 1w w wm w
r r r k t
w w w   w w w
 
 with the homogeneous boundary conditions 
i
1
1 e0, ( , ) 0.
r r
w w r t
r  
w   w
 
In a similar manner to problem (5), the eiginfunction of the above is the same as equation (13). 
We assume a solution involving the eigenfunctions, Rn(r), of the associated eigenvalue problem in the 
form 
1 n n
n 1
( , ) ( ) ( ),w r t T t R r
f
 
 ¦                                                                                                                           (17) 
where the functions 
n ( ) (n 1,2,3 )T t   "  are to be determined. 
Assuming that the series (17) is convergent, then 
2
1
2
w
r
w
w
, 1w
r
w
w
 and 1w
t
w
w
 can obtained from (17) and are 
substituted into problem (6) 
   2 2n d n n n d e air
n 1
( ) ( ) ( ) ,T t k m T t R r k m T TPf
 
ª ºc     ¬ ¼¦                                                                              (18) 
where μn (n = 1,2,3,…) are positive real roots of equation (12). 
The right side of equation (18) is expanded into a uniformly convergent series of the form 
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2d e air n n
n 1
( ),k m T T F R r
f
 
   ¦                                                                                                                  (19) 
where the coefficients Fn (n = 1, 2, 3, …) are determined by 
   e
e i
i
2 2
d e air 1 n i2
n e air n 2 22
1 n i 0 n en
( )1 ( ) .
( ) ( )( )
r
dr r
r
k m T T J r
F k m T T R r rdr
J r J rR r rdr
S P
P P
       ³³                                     
(20) 
Then the ordinary differential equation of time is obtained from equation (18)  2n d n n n( ) ( ) , (n 1,2,3, ).T t k m T t FPc                                                                                            (21a) 
Applying the initial condition of problem (6), we have 
n (0) 0, (n 1,2,3, ).T    "                                                                                                                     (21b) 
 Laplace transform of equations (21a) is 
 * 2 *n n d n n n 1( ) (0) ( ) ,pT p T k m T p F pP      
where Laplace transforms are indicated by an asterisk and p is the Laplace transform parameter.  
Substitution of equation (21b) into the above equation yields 
 *n n 2d n
1 1( ) .T p F
p p k mP                                                                                                                
(22) 
Based on the convolution theorem of the Laplace transform [15], the inverse Laplace transform of 
equation (22) then gives the solution 
     
2 2
d n d nn
n n 20
d n
( ) 1 , (n 1,2,3, ).
t k m k m tFT t e F d e
k m
P W PW P
   ª º    « »¬ ¼³                                                 (23) 
Substitution of this equation into equation (17) gives 
   
2
d nn
1 n2
n 1 d n
( , ) 1 ( ).k m tFw r t e R r
k m
P
P
f  
 
ª º « »¬ ¼¦                                                                                     (24) 
Therefore, in the transient process of 0 ≤ t ≤ t_Qi, the time-variable temperature distribution in a disk 
subjected to problem (1) is given by 
   
22 d nd n
air 1 1 1 air
( ) n
n n n e2
n 1 n 1 d n
( , ) ( , ) ( , ) ( , ) ( , )
( ) 1 ( ) ,k m tk m t
T r t r t T u r t w r t v r t T
FE e R r e R r T
k m
PP
P
f f   
  
 4     
ª º   « »¬ ¼¦ ¦                                            
(25) 
where the coefficients En and Fn (n= 1, 2, 3,…) are determined by equation (16) and (20), respectively. 
Note that the temperature distribution at t = t_Qi is given by 
     
2
d n i
i
n n
e n n2 2
n 1 d n d n
( ) ( ).k m t Qt Q
F FT r T E e R r
k m k m
P
P P


f  
 
­ ½ª º° °« »   ® ¾ « »° °¬ ¼¯ ¿
¦                                                (26) 
In a manner similar to the case of problem (1), the temperature distribution of a disk subjected to the 
initial boundary-value problem (2) during t ≥ t_Qi is determined by 
  
  
 
2
d n i
2
d n i
n
n n n air2
n 1 n 1 d n
1
( , ) ( ) ( ) ,
k m t t Q
k m t t Q
FF e
T r t EE e R r R r AAr BB T
k m
P
P
P


  
f f  
  
ª º « »¬ ¼    ¦ ¦                       (27) 
where the coefficients EEn and FFn (n= 1, 2, 3,…) are determined by 
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where 
e e e
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2.2. Transient stress analysis 
Due to the assumption of plane stress state, the stress components (radial one σr and circumferential 
one σθ) for a hollow disk (ri ≤ r ≤ re) which is free of traction on the boundaries are [16]: 
e
i i
2
i
, 2 2 2 2
e i
Eα Eα( , ) ( , ) 1 ( , ) ,r rr T r r
rr t r t rdr r t rdr
r r r r
V T T§ ·   ¨ ¸ © ¹³ ³                                                                   (30a) 
e
i i
2
i
, 2 2 2 2
e i
Eα Eα( , ) ( , ) Eα ( , ) 1 ( , ) ,r rT r r
rr t r t rdr r t r t rdr
r r r rT
V T T T§ ·    ¨ ¸ © ¹³ ³                                                  (30b) 
where θ(r, t) = T(r, t) - T0 is the temperature rise, E is the modulus of elasticity and α is thermal 
expansion coefficient. 
Considering the temperature distribution T(r, t) in equations (25) and (27), respectively, yields 
while 0 ≤ t ≤ t_Qi, 
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and while t ≥ t_Qi, 
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Hence, the time-variable thermal stress components are obtained by substituting equations (31) and (32) 
into equations (30), respectively. 
In addition, to study the effect of complex thermal loadings on the maximum stress of a turbine disk, 
the rotation of the disk is considered and then the centrifugal stress equations are given by [14]: 
2 2
2 2 2 2e i
, e i 2
3 υ ρ ,
8r
r rr r r
r
V Z: § ·   ¨ ¸© ¹
 
                                                                                                
(33a) 
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(33b) 
The superposition stress is therefore obtained from adding the centrifugal and thermal stress together 
, ,( ) ( ) ( ),r r r Tr r rV V V:                                                                                                                        (34a) 
, ,( ) ( ) ( ).Tr r rT T TV V V:                                                                                                                        (34b) 
According to Von-Mises theory [14], the equivalent stress of the disk is calculated by 
> @ > @ > @ > @2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .eq r z r z r zr r r r r r r r r rT T TV V V V V V V V V V                                      (35) 
As mentioned above, due to plane stress condition, the axial stress component (σz) is equal to zero. 
Thus, the equation (35) reduces to 
> @ > @2 2( ) ( ) ( ) ( ) ( ).eq r rr r r r rT TV V V V V                                                                                               (36) 
From the perspective of safety design, both the value and the position of the maximum equivalent 
stress of a disk in the transient process should be controlled by adjusting the start time t_Qi and value Qi 
of the thermal loadings imposed on the inner surface. In order to investigate the influence of the designed 
thermal loadings on the safety margin of the disk, an evaluation is defined as 
CM _ ,max ,max ,max
CM _ ,max CM _ ,max
1 ,eq eq eq
eq eq
V V VK V V
                                                                                                     (37) 
where 
CM_ ,maxeqV  is the maximum equivalent stress in a conventional model, and ,maxeqV  is the 
maximum equivalent stress in a models after employing the designed thermal loading. 
 
 
619 Shuiting Ding and Ye Li /  Procedia Engineering  80 ( 2014 )  609 – 627 
3. Results 
3.1. Effect of the start time, t_Qi, of thermal loading imposed on the inner surface of a disk 
x A. Transient temperature distribution 
Fig. 2 shows the transient temperature distributions in the disk at various times for different start times 
of the thermal loading imposed on the inner surface t_Qi = 0, 40, 100 and 120 s, respectively. It can be 
seen that the hub temperature is raised due to the designed thermal loading, and the position of minimum 
temperature shifts from the hub to the web of a disk. That is to say, the reverse temperature gradient is 
produced, and the form of temperature distribution which is similar to V-shape is different from that in 
the conventional model (Qi = 0). Furthermore, in durations of reaching the steady state for various start 
times of the designed thermal loading, the variations of temperature differences can be seen in Fig. 3. 
While the start time is moved up, in earlier stage of the transient process, the reverse temperature 
difference between the hub temperature and the minimum temperature (Thub - Tmin) increases and the 
maximum temperature difference of the whole disk (Trim - Tmin) decreases. In the case that t_Qi = 0 s and 
Qi = 100 W, the reverse temperature difference can climb up to the peak of nearly 6 K in the transient 
process and then retains at 3.5 K in the steady state. When reaching the steady state, the temperature 
distributions in models with different start times are the same due to the same value of the designed 
thermal loading. Therefore, the temperature distribution in a disk is affected by the start time of the 
thermal loading imposed on the inner surface only before reaching the steady state. 
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Fig. 2. transient temperature distributions in the disk at various times for different start times of thermal loading imposed on the 
inner surface of a disk t_Qi = 0, 40, 100 and 120 s, respectively, at Qi = 100 W, ω = 4000 rpm 
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Fig. 3. variations of the (Thub - Tmin) and (Trim - Tmin) in the disk for different start times of thermal loading imposed on the inner 
surface of a disk at Qi = 100 W, ω = 4000 rpm 
x B. Transient equivalent stress 
Fig. 4 depicts the transient equivalent stress of a disk at various times for different start times of 
thermal loading imposed on the inner surface at t_Qi = 0, 40, 100 and 120 s, respectively. Whether or not 
the inner surface is heated, at the earlier stage of the transient process, maximum equivalent stress locates 
at the rim of a disk, and its value decreases rapidly with time. As time goes on, the position of maximum 
equivalent stress shifts from the rim to the hub of a disk. It can be explained from the relationship 
between the thermal stress and the temperature distribution in equations (30a) and (30b). The thermally 
induced stresses in a disk are proportional to the temperature difference or the heat flux on the boundaries. 
At the beginning of the transient process, the heat flux at the rim of the disk is so  
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Fig. 4. transient equivalent stresses in the disk for different start times of thermal loading imposed on the inner surface t_Qi = 0, 40, 
100 and 120 s, respectively, at Qi = 100 W, ω = 4000 rpm 
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dramatic due to the first thermal boundary that the thermally induced stress is much larger than the 
centrifugal stress. Thus, the maximum value of equivalent stress which consists of thermally induced 
stress and centrifugal stress appears at the rim of the disk. As time goes on, maximum equivalent stress 
drops sharply with rapid decreasing of the heat flux at the rim. While the centrifugal stress is dominant in 
the equivalent stress distribution of a disk, the equivalent stress at the hub becomes the largest one of the 
whole disk. 
Furthermore, in durations of reaching the steady state for various t_Qi, the variation of maximum 
equivalent stress and the enhanced safety margin can be seen in Fig. 5 and Fig. 6, respectively. The start 
time of thermal loading imposed on the inner surface has greatly affected both the value and the position 
of maximum equivalent stress as well as the safety margin of the disk only before reaching the steady 
state. The influence is divided into two cases: 
a) thermal loading imposed on the inner surface starts when maximum equivalent stress locates on the 
rim of a disk 
No matter when the thermal loading imposed on the inner surface starts in this case, the tiny influence 
on the heat flux at the rim of a disk (see Fig. 3b) contributes to slight decline of the maximum equivalent 
stress (see Fig. 5) and slight improvement of the safety margin of the disk (see Fig. 6). The induced 
improvements of the safety margin are lower than 3 % while t_Qi at 0s and 40s. However, the advance of 
t_Qi leads to the effective reduction of the equivalent stress at the hub of a disk (see Fig. 4) and the delay 
in the shifting of the position of maximum equivalent stress (see Fig. 5). In the case of t_Qi =0s, the 
shifting time is deferred for nearly 100s during which the value of maximum equivalent stress drops at a 
rapid speed.  
b) thermal loading imposed on the inner surface starts when maximum equivalent stress locates on the 
hub of a disk 
The thermally induced stress decreases due to the reverse temperature gradient, which results in the 
reduction of the maximum equivalent stress. And the advance of t_Qi effectively contributes to the 
reduction of the maximum equivalent stress (see Fig. 5) as well as the improvement of the safety margin 
(see Fig. 6). When reaching the steady state, the stress distribution in models with different start times are 
the same and the safety margin can be enlarged to over 20 % due to the same value of the designed 
thermal loading. 
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Fig. 5. variations of the maximum equivalent stress in the disk for different start times of thermal loading imposed on the inner 
surface of a disk at Qi = 100 W, ω = 4000 rpm 
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Fig. 6. variations of the enhanced safety margin in the disk for different start times of thermal loading imposed on the inner surface 
of a disk at Qi = 100 W, ω = 4000 rpm 
3.2. Effect of the value of thermal loading imposed on the inner surface of a disk 
x A. Transient temperature distribution 
Fig. 7 shows the transient temperature distributions in the disk for different values of the thermal 
loading imposed on the inner surface Qi = 60, 100 and 140 W at various times. Furthermore, in durations 
of reaching the steady state for the three values of the designed thermal loading, the variations of the 
temperature differences (Thub - Tmin) and (Trim - Tmin), respectively, can be seen in Fig. 8. Whether in the 
transient process or after reaching the steady state, the reverse temperature difference in the hub (Thub - 
Tmin) increases and the maximum temperature difference of the whole disk (Trim - Tmin) decreases with 
increasing of Qi. As shown in Fig. 8(a), the reverse temperature difference can grow up to 3.2 K, 5.5 K 
and 8 K in the cases of Qi = 60, 100 and 140 W, respectively, and then remain at 1.5 K, 3.5 K and 6 K 
after reaching the steady state. 
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Fig. 7. transient temperature distributions in the disk at various times for different thermal loadings imposed on the inner surface of 
a disk Qi = 60, 100 and 140 W, respectively, at t_Qi = 0 s, ω = 4000 rpm  
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Fig. 8. variations of the (Thub - Tmin) and (Trim - Tmin) in the disk for different thermal loadings imposed on the inner surface of a disk 
Qi = 60, 100 and 140 W, respectively, at t_Qi = 0 s, ω = 4000 rpm 
x B. Transient equivalent stress 
Fig. 9 illustrates the transient equivalent stresses of the disk at various times for different values of the 
thermal loading imposed on the inner surface Qi = 60, 100 and 140 W. Due to the thermal loading 
imposed on the inner surface of a rotating disk, the equivalent stress at the hub and the rim is smaller than 
the counterparts in the conventional model (Qi = 0W). As a result, the shifting time of the position of the 
maximum equivalent stress is delayed and the value of maximum equivalent stress drops at a rapid speed 
in the delayed period. Moreover, with the increasing of Qi, the equivalent stress at the hub decreases as 
well as that at the rim of a disk. And this happens in both the transient process and the steady state. 
Furthermore, in durations of reaching the steady state for different values of Qi, the variations of 
maximum equivalent stress and the enhanced safety margin are demonstrated in Fig. 10 and Fig. 11, 
respectively. One can observe in these figures that the increment of Qi defers the shifting of the position 
of the maximum equivalent stress, declines slightly its value when it locates at the rim of a disk, however, 
reduces effectively its value and improves sharply the safety margin when it locates at the hub of a disk. It 
can be explained by introducing the relationship between thermal stress and the temperature distribution 
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as mentioned in section 3.1B. When reaching the steady state, the safety margin of the disk reaches 12 %, 
20 % and 29% in the case of Qi = 60, 100 and 140 W, respectively. Hence, whether in the transient 
process or after reaching thermal equilibrium state, the maximum equivalent stress can be reduced by 
enhancing the thermal loading on the inner surface of a disk. 
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Fig. 9. transient equivalent stresses in the disk for different thermal loadings imposed on the inner surface of a disk Qi = 60, 100 and 
140 W, respectively, at t_Qi = 0 s, ω = 4000 rpm 
0 50 100 150 200 250 300 350 400
60
80
100
120
140
160
M
ax
im
um
 E
qu
iv
al
en
t S
tre
ss
 (M
Pa
)
time (s)
 Conventional Model
 Qi= 60W,   t_Qi= 0s
 Qi= 100W, t_Qi= 0s
 Qi= 140W, t_Qi= 0s
 
Fig. 10. variations of the maximum equivalent stress in the disk for different thermal loadings imposed on the inner surface of a disk 
Qi = 60, 100 and 140 W, respectively, at t_Qi = 0 s, ω = 4000 rpm 
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Fig. 11. variations of the enhanced safety margin in the disk for different thermal loadings imposed on the inner surface of a disk Qi 
= 60, 100 and 140 W, respectively, at t_Qi = 0 s, ω = 4000 rpm 
4. Conclusions 
In the present study, a simplified rotating disk model subjected to a complex thermal environment is 
proposed, and the analytical solutions are determined to investigate the evolution mechanism of the 
temperature and thermally induced stress. On the purpose of the safety design for a turbine disk, the extra 
thermal loading is imposed on the inner surface of the disk, and then the influence on the safety margin is 
evaluated . The main conclusions for this study are as follow: 
1. The exact analytical solutions of temperature distribution, thermal induced stress and equivalent 
distributions in a rotating hollow disk subjected to complicated thermal boundary conditions are obtained 
by using the method of separation of variable (in other words, the eigenfunction method) for space 
variables and the method of Laplace transforms for the time variable. 
2. Only before reaching thermal equilibrium state, the start time of the thermal loading imposed on the 
inner surface of a disk has an effect on the transient temperature, equivalent stress and safety margin of 
the disk, respectively. 
a) While the start time is moved up, the reverse temperature difference at the disk hub (Thub - Tmin) 
increases and the maximum temperature difference of the whole disk (Trim - Tmin) decreases in earlier 
stage of the transient process. In the case that t_Qi = 0 s and Qi = 100 W, the reverse temperature 
difference can climb up to the peak of nearly 6 K and then retains at 3.5 K in steady state. 
b) In the case that this thermal loading starts when maximum equivalent stress locates on the rim of a 
disk, the advance of the start time reduces effectively the equivalent stress at the hub of a disk, delays the 
shifting time of the position of maximum equivalent stress for nearly 100 s in the earlier stage of the 
transient process. Also, the disk deserves to an enhanced safety margin in advance. However, the induced 
growths of the safety margin are lower than 3 % in this case. 
Additionally, in the case that this thermal loading starts when maximum equivalent stress locates on 
the hub of a disk, the advance of the start time reduces effectively the maximum equivalent stress and 
improves the safety margin of the disk for nearly 20 % in the earlier stage of the transient process. 
3. Whether in the transient process or after reaching thermal equilibrium state, the value of the thermal 
loading imposed on the inner surface of a disk has influenced the transient temperature, equivalent stress 
and safety margin of the disk, respectively. 
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a) The reverse temperature difference (Thub - Tmin) increases and the maximum temperature difference 
of the whole disk (Trim - Tmin) decreases with increasing of the value of the thermal loading imposed on 
the inner surface of the disk. 
b) The value of maximum equivalent stress is reduced and the shifting time of the position of it is 
delayed by increasing the thermal loading imposed on the inner surface while this thermal loading starts 
at the beginning of the transient process. Also, the safety margin is improved sharply when the maximum 
equivalent stress locates at the hub of a disk. 
4. The analytical solution of a transient thermo-elasticity disk model can offer us a comprehensive 
prospect of the airworthiness requirements. And it can provide references for the active control 
technology, which needs to be reckoned with in the safety design of a turbine disk. Furthermore, From the 
perspective of safety design, the safety margin of a turbine disk can be enhanced by using the thermal 
loading on the inner surface of the disk. 
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